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Abstract
Scattering of electrons/positrons by external classical electromag-
netic wave packet is considered in infrared limit. In this limit the
scattering operator exists and produces physical effects, although the
scattering cross-section is trivial.
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1 Introduction
Perturbative quantum electrodynamics is an unquestionable pragmatical suc-
cess. However, there are more fundamental structural questions in QED
which are not fully understood. Among them is the infrared structure, which
includes group of problems related to the characterization of physical charged
states and particles, long-range structure, Gauss law etc.
The usual way of handling these questions in perturbative approach,
whether purely pragmatical or more fundamentally oriented, is based on
elimination, in the first step, of the problems by a distortion of the theory
(locality by Gupta-Bleuler formalism, combined with finite photon mass, in-
frared cut-off or spacetime smearing function for interaction Lagrangian). In
the pragmatical approach one then restricts attention to scattering cross-
sections, which may be handled by procedures described in standard text-
books. In more fundamental approaches one strives to remove the distortions
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and obtain truly physical states, including scattering theory (the most ambi-
tious attempt is by Steinmann [1]). However, it is not clear, whether in the
process of IR regularization some information is not lost, which substantiates
alternative attempts.
Essentially, alternatives strive to include the long-range structure of elec-
trodynamics from start. Here is the place of standard Coulomb gauge QED,
which, however, has not been proven renormalizable. Here, also, are other less
orthodox attempts as those by Gervais and Zwanziger [2] or Staruszkiewicz
[3] (see also [4]). In similar spirit the present author has proposed an alge-
braic model for asymptotic fields in QED [5] which respects Gauss law, which
was found to have interesting features [6], and may be potentially considered
as a starting point for a perturbation expansion.
The present note does not refer directly to this aim, but is intended as
a step towards this long-term goal. We consider scattering of the quantum
Dirac field in the external electromagnetic field. This is a textbook problem,
but we are here interested in an application not normally intended: the
external electromagnetic field will represent a free wave packet typical for
scattering situations. By taking an infrared limit (to be specified precisely
below) we want to extract long-range effects in this setting. Our results will
confirm on this more elevated level the phase transformation discovered for
a wave-function in semi-classical approximation by Staruszkiewicz [7]. Our
setting may also throw light on an extension to full QED.
2 Preliminaries
A convenient representation of a solution of the wave equation has the form [8]
A(x) = −
1
2π
∫
V˙ (x · l, l) d2l . (1)
Here:
• l is a vector on the future lightcone;
• V (s, l) is a (sufficiently smooth) real function of a real variable s and of l,
V˙ (s, l) ≡ ∂
∂s
V (s, l), and V is homogeneous of degree −1 in its arguments:
for λ > 0
V (λs, λl) = λ−1V (s, l), (2)
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so that V˙ is homogeneous of degree −2;
• d2l is the conformally invariant measure over null directions on the cone,
which is applicable to integrands homogeneous of degree −2. In particu-
lar, if t is any timelike, future-pointing, unit vector and l’s are scaled to
t · l = 1, then d2l is the standard measure on the sphere l2 = 0, t · l = 1.
If A(x) is a Lorentz vector potential of a free electromagnetic field then V
is a vector function and the Lorentz condition ∂ ·A(x) = 0 is guaranteed by
the constraint l · V (s, l) = 0. In order to obtain a class of fields typical for
scattering situations one has to restrict the class of V functions. Let
˜˙V (ω, l) = 1
2π
∫
V˙ (s, l)eiωsds . (3)
If there exists the limit ˜˙V (0+, l) = lim
ωց0
˜˙V (ω, l) then for all vectors x and each
spacelike y one has [4]
Aas(y) = lim
R→∞
RA(x+Ry)
= −
∫
Re[ ˜˙V (0+, l)] δ(y · l) d2l − 1
π
∫
Im[ ˜˙V (0+, l)]
y · l
d2l , (4)
thus the potential has a tail of Coulomb-like decrease, whose shape is inde-
pendent of the choice of the origin. However, not all fields of this decrease
naturally appear in scattering situations: one shows that potentials of radi-
ation fields produced by currents due to particles or fields which are free at
asymptotic times (in and out) are characterized by long-range tails which are
even functions of y. This leads to the restriction Im[ ˜˙V (0+, l)] = 0. As from
reality of V (s, l) one has at the same time ˜˙V (ω, l) = ˜˙V (−ω, l), this condition
is equivalent to the continuity of ˜˙V (ω, l) at ω = 0. In fact, a natural and
sufficient for the scattering context is the following more specific assumption:
V˙ (s, l) is a smooth function which decays for |s| → ∞ at least as |s|−1−ǫ for
some ǫ > 0. Then V (s, l) has well-defined limits for s → ±∞, and can be
chosen so that
lim
s→±∞
V (s, l) ≡ V (±∞, l) = ±1
2
∆V (l) , ∆V (l) = 2π ˜˙V (0, l) . (5)
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Potentials characterized by such V ’s have the null asymptotes given by
lim
R→∞
RA(x± Rl) = ±
[
V (x · l, l)− V (±∞, l)
]
. (6)
Radiation fields produced by scattered fields or particles are still more
special than the class obtained above: their long-range tails are of electric
type, which is equivalent to y ∧ ∂ ∧ Aas(y) = 0. One shows [5] that this is
satisfied iff l ∧ ∂ ∧∆V (l) = 0, and then
l ∧∆V (l) = −l ∧ ∂Φ(l) , Φ(l) = −
1
4π
∫
l ·∆V (l′)
l · l′
d2l′ ; (7)
note that Φ(l) is homogeneous of degree 0, and under the gauge transforma-
tion V (s, l)→ V (s, l) + lα(s, l) changes merely by an additive constant.
The above characterization of the free potentials is related to the more
usual Fourier representation
A(x) =
1
π
∫
a(k)δ(k2) sgn(k0)e−ix·k d4k (8)
by
a(ωl) = −
˜˙V (ω, l)
ω
. (9)
Thus a(k) may be singular of order 1/k0 at the cone vertex, but ωa(ωl)
is continuous across the vertex in ω. This restriction is responsible for the
admissibility of what follows.
Note that ˜˙V (ω, l) is continuous and fast decreasing in ω. We assume for
simplicity that V˙ (s, l) is fast decreasing in s, and then ˜˙V (ω, l) is smooth –
the infrared behavior of the field is not restricted by this assumption.
3 Wave operators
Consider the Dirac equation for classical Dirac field in external potential[
γ · (i∂ − eA(x))−m
]
ψ(x) = 0 . (10)
It has been rigorously shown in [8] that this equation, when restricted to the
inside of the future or past lightcone, has well-defined asymptotic free fields
4
even for a class of long-range potentials, which includes potentials defined
in the previous section. This allows one to write equivalent forms of this
equation in these two respective regions
ψ(x) = ψ in
out
(x)− e
∫
Sret
adv
(x− y)γ · A(y)ψ(y) d4y , (11)
and then ψ tends to ψ in
out
in appropriate sense over the hyperboloids x2 = λ2.
More precisely, if we write free fields as
ψ in
out
(x) =
(m
2π
)3/2 ∫
e−imx · v γ · vγ · v f in
out
(v) dµ(v) , (12)
where dµ(v) is the invariant measure over the future unit hyperboloid, then
lim
λ→∞
∓iλ3/2e∓i(mλ + π/4)γ · vψ(∓λv)
= lim
λ→∞
∓iλ3/2e∓i(mλ + π/4)γ · vψ in
out
(∓λv) = f in
out
(v) , (13)
the limit in the Hilbert-norm sense on the hyperboloid, with scalar product
given by (f, g) =
∫
fγ · vg(v)dµ(v) (here and below the bar accent denotes
the usual Dirac conjugation).
We now want to relax somewhat the demands of rigor, assume the va-
lidity of the integral forms of equation for the whole space and treat them
perturbatively. If one uses the representation (1) and the Fourier represen-
tation
Sret
adv
(x) = −
1
(2π)4
∫
Mret
adv
(p)e−ip·xd4p , Mret
adv
(p) =
γ · p+m
p2 −m2 ± i0p0
, (14)
then one finds
ψ(x) =
∫
W in
out
(x, v)f in
out
(v) dµ(v) , W in
out
(x, v) =
∞∑
n=0
W
(n)
in
out
(x, v) , (15)
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W
(n)
in
out
(x, v) =
(
−e
2π
)n (m
2π
)3/2∑
ε=±
∫
e−ix · (εmv + ω1l1 + . . .+ ωnln)×
Mret
adv
(εmv+ω1l1+. . .+ωnln)γ·
˜˙V (ω1, l1)Mret
adv
(εmv+ω2l2+. . .+ωnln)γ·
˜˙V (ω2, l2)×
× . . .Mret
adv
(εmv + ωnln)γ ·
˜˙V (ωn, ln)εPε(v) dnω d2nl , (16)
where P±(v) =
1
2
(1 ± γ · v) project onto positive/negative frequency parts.
For fixed x0 the operator W in
out
(x, v) is a wave operator expressing field at
a given time in terms of incoming/outoing field characteristic. The one-
particle scattering operator is thus given by
fout(v) =
∫
S1(v, v
′)fin(v
′) dµ(v′) , S1(v, v
′) = W ∗out(x
0, .; v)Win(x
0, .; v′) .
(17)
Formulae (15) – (17) give a formal expansion of the one-particle wave- and
scattering operators, but the language used above does not seem best-suited
to go outside the perturbation theory. On the other hand, by formulating
the Dirac equation inside the light-cones as an evolution over hyperboloids
x · x = τ 2 it was shown in [8], as mentioned above, that Win(x, v) (resp.
Wout(x, v)) are defined non-perturbatively for x in the past- (resp. future-)
lightcone. It would be interesting to close the gap between them by consid-
ering the evolution on a foliation of Cauchy surfaces parametrized by τ and
tending to x · x = τ 2, x0 ≷ 0, for τ → ±∞ respectively. Preliminary work
was done in this direction in unpublished thesis [10]. It could then also be
investigated whether the mixing parts of the one-particle scattering opera-
tor (those interpolating between positive and negative energy solutions) have
finite Hilbert-Schmidt norm; this is the well-known necessary and sufficient
condition for the scattering to be transferable to the quantum Dirac field (see
e.g. [9]).
With regard to the last mentioned question it could seem that the answer
is bound to be negative: typical sufficient conditions, as those formulated in
theorem 5.1 of Scharf’s book [9], are evidently violated by free wave pack-
ets, as the 3-space transform of the potential oscillates harmonically in time.
Also, for long-range fields, as radiation fields produced in scattering situ-
ations, the transform of the potential is singular of second power order in
~p = 0, which is another obstacle. However, the theorem is not ‘if and only if’
one, and both difficulties seem to have chances not to play role in the above
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formulation.
However, this being a speculation at the present stage, we want to pro-
ceed differently to extract infrared-limit effects. We first perform an infrared
limit (defined below) at the classical field level, and only then proceed to
quantize the field. As the quantum scattering operator for classical external
background problem, if it exists, is anyway a simple transcription of the clas-
sical one-particle operator, this procedure has good chances to give a realistic
result.
4 Infrared limit
Let us now in the above scheme replace the potential A(x) by a scaled po-
tential
Aλ(x) = λ
−1A(λ−1x) , (18)
with the intention of taking large λ limit. The effect of this scaling is that
while the long-range tails of the potential and of the field strength remain
unaffected for all λ (as they decay in spacelike directions as x−1 and x−2 re-
spectively), the potential and the corresponding field strength tend uniformly
to zero for λ→∞ (as the potential is smooth and bounded). Also, it is easily
seen that the energy content of the scaled field is Eλ = λ
−1E (E before the
scaling), so it vanishes in the limit.
In terms of V ’s the scaling has the form
Vλ(s, l) = V (λ
−1s, l) , ˜˙V λ(ω, l) = ˜˙V (λω, l) . (19)
As the field vanishes uniformly in the limit it could seem that the equation
(10) becomes free and the scattering matrix trivializes. While the first of
these statements is true (free field equation), the second is not (trivial scat-
tering), and the error in this conclusion comes from non-interchangeability of
the limits. We are interested in physics for large, but finite λ, thus the limit
λ → ∞ must only be taken on the level of physical quantities of interest.
We want to find the limits of wave operators, so we replace in (16) (order by
order) ˜˙V → ˜˙V λ. If this is followed by a change of variables λωi → ωi one
finds that the scaled version of (16) is obtained by replacing ωi → λ
−1ωi in
the exponent and in each Mret
adv
, and multiplying each Mret
adv
by λ−1. But if
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ξk = ωklk + . . .+ ωnln, one finds a well-defined distributional limit
λ−1Mret
adv
(εmv + λ−1ξk)→
εPε(v)
v · ξk ± i0
for λ→∞ . (20)
Using this one finds that (16) takes in the limit the form
W (n)∞ in
out
(x, v) =
(m
2π
)3/2
e−imx · vγ · vγ · v R
(n)
in
out
(v) , (21)
where
R
(n)
in
out
(v) =
(
−e
2π
)n ∫
v · ˜˙V (ω1, l1)
v · (ω1l1 + . . .+ ωnln)± i0
×
v · ˜˙V (ω2, l2)
v · (ω2l2 + . . .+ ωnln)± i0
. . . . . .
v · ˜˙V (ωn, ln)
v · ωnln ± i0
dnω d2nl . (22)
This means that ψ becomes in this limit a free field
ψ(x) =
(m
2π
)3/2 ∫
e−imx · v γ · vγ · v f(v) dµ(v) , (23)
with
f(v) = R in
out
(v)f in
out
(v) , (24)
where R in
out
(v) =
∞∑
n=0
R
(n)
in
out
(v). Going in (22) to the inverse Fourier transform
and denoting
η(τ) = −
1
2π
∫
v · V (τv · l, l)
v · l
d2l (25)
we obtain
R in
out
(v) =
∞∑
n=0
(∓ie)n
∫
η˙(τ1) . . . η˙(τn)θ(∓τ1)θ(±(τ1−τ2)) . . . θ(±(τn−1−τn)) d
nτ .
(26)
One recognizes in this formula the chronological/antichronological exponent
of the integral ∓ie
∫
R∓
η˙(τ) dτ . But as η˙ is a numeric function, this reduces
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to ordinary exponent, and one finds
R in
out
(v) = exp
[
ie
2π
∫
v · [V (0, l)− V (∓∞, l)]
v · l
d2l
]
. (27)
The one-particle scattering operator S1 in infrared limit is thus the multipli-
cation by a phase:
fout(v) = S1(v)fin(v) , S1(v) = exp
[
ie
2π
∫
v ·∆V (l)
v · l
d2l
]
. (28)
The formulas (23), (24) may seem paradoxical: if one calculates the
asymptotic limits as in (13) one gets f instead of f in
out
. But, in fact, this
only confirms that now this operation is not allowed: after taking the in-
frared limit (λ→∞) the asymptotic time limit need not reproduce the limit
found before the scaling.
The phase transformation S1(v) has been discovered in the setting of semi-
classical approximation for a wave-function by Staruszkiewicz [7]. Note that
for this limit of scattering operator (28) the choice of the origin in Minkowski
space with respect to which the scaling (18) takes place is irrelevant; it is
only the infrared tail which counts (which is invariant under translations).
Finally, we note that with the use of (7) one can obtain [5] an equivalent
form of the phase by the identity∫
v ·∆V (l)
v · l
d2l = −
∫
Φ(l)
(v · l)2
d2l , (29)
which shows that the argument of the exponent in S1(v) is a bounded function
of v.
5 Quantum field
The one-particle scattering operator (28) evidently satisfies the condition for
quantum implementability, as the mixing parts are absent. We can thus
proceed to quantize the limit as described in closing remarks of Section 3.
Let the free asymptotic Dirac fields be represented in analogy to (12) as
Ψ in
out
(x) =
(m
2π
)3/2 ∫
e−imx · v γ · vγ · v g in
out
(v) dµ(v) , (30)
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with g in
out
(v) combining the creation/annihilation operators for electron/posi-
tron, [
g in
out
(v), g in
out
(v′)
]
+
= 0 ,
[
g in
out
(v), g in
out
(v′)
]
+
= γ · v δµ(v, v
′) , (31)
where δµ(v, v
′) is the delta function with respect to the measure dµ(v′), and
write
g in
out
(f) =
∫
f(v)γ · v g in
out
(v) dµ(v) (32)
Then the S operator is defined by
gout(f) = S
∗gin(f)S and here gout(f) = gin(S
∗
1f) . (33)
If one denotes ρ in
out
(v) = :g in
out
(v)γ · vg in
out
(v) : (normal ordering) and for a mea-
surable real function χ(v) writes ρ in
out
(χ) =
∫
χ(v)ρ in
out
(v) dµ(v) then
exp[iρ in
out
(χ)] g in
out
(f) exp[−iρ in
out
(χ)] = g in
out
(eiχf). (34)
Therefore
S = exp
[
ie
2π
∫
v ·∆V (l)
v · l
d2l ρin(v) dµ(v)
]
, (35)
where the operator in the exponent is bounded by the particle number op-
erator (due to (29)). On the other hand for A(x) given by (1) and a current
vector field J(x) one has∫
A(x) · J(x) d4x = −
1
2π
∫
V˙ (s, l) · j(s, l) ds d2l , (36)
where j(s, l) =
∫
δ(s − x · l)J(x) d4x. For Jin(x) = e : Ψin(x)γΨin(x) : one
finds
jin(s, l) = e
∫
v
v · l
ρin(v) dµ(v) , (37)
so ∫
A(x) · Jin(x) d
4x = −
e
2π
∫
v ·∆V (l)
v · l
d2l ρin(v) dµ(v) . (38)
We note that the scaling (18) does not influence this result and the scattering
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operator (35) may be thus written as
S = exp
[
−i
∫
A(x) · Jin(x) d
4x
]
. (39)
Therefore the effect of the scaling limit is the omission of time-ordering op-
erator which would normally appear before the exponent.
6 Discussion
In the setting of Dirac field scattered by an external classical wave packet
we have derived the infrared limit of the scattering operator and confirmed
the momentum dependent phase shift first discovered by Staruszkiewicz in
a semi-classical approximation. This result has an elevation to the case of
quantum Dirac field.
There are two striking features of these results.
(i) Although a nontrivial asymptotic effect may be observed, the scattering
cross-section is trivial (the momentum-representation of the kernel of scat-
tering operator is diagonal in momenta).
(ii) The effect vanishes if the electromagnetic field is infrared-regularized in
any way which leads to cutting-off of low frequencies, however small (as then˜˙V (0, l) = 0). This may be read as an indication that also in the full in-
teracting theory infrared regularization may lead to the loss of some of the
information. But to avoid such regularization one needs to engage repre-
sentations of the electromagnetic field which allow for the analogue of non-
vanishing characteristic ˜˙V (0, l). The model of asymptotic fields proposed by
the present author, as mentioned in the introduction, may be a candidate for
such setting. The work along these lines is in progress.
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